In recent years, a general mathematical framework for solving applied problems in multiply connected domains has been developed based on use of the Schottky-Klein (S-K) prime function of an underlying compact Riemann surface known as the Schottky double of the domain. In this paper, we describe additional function-theoretic objects that are naturally associated with planar multiply connected domains and which we refer to as secondary S-K prime functions. The basic idea develops, and extends, an observation of Burnside dating back to 1892. Applications of the new functions to represent conformal slit maps of mixed type that have been a topic of recent interest in the literature are given. Other possible applications are also surveyed.
Introduction
Whenever a physical problem, considered within a planar model, involves a finite number of entities interacting through some ambient field around them, the solution domain for that field is multiply connectedi.e. it has 'holes'. The analysis of such problems is made significantly more difficult by this topological complication. Problems involving multiply connected domains are ubiquitous in applications, and the past decade has seen a resurgence of interest in mathematical methods for their solution. A promising approach, reviewed in its various guises in references [1] [2] [3] , makes use of the function theory on a certain compact Riemann surface naturally associated with any multiply connected planar domain. This Riemann surface is known as the Schottky double of the domain. Any such Schottky double has an associated prime function (or what we will call, following Baker [4] , the Schottky-Klein prime function or S-K prime function for short) which acts as a building block, allowing the representation of a wide range of other important functions in terms of it. For this reason, the approach enjoys both conceptual and computational advantages. To name just a few of the problems tackled within this framework, it is now known how to represent all the important objects of potential theory (such as Green's functions and harmonic measures) in terms of the S-K prime function [5] ; the Hamiltonians, or Kirchhoff-Routh path functions, associated with point vortex motion in multiply connected domains can also be conveniently expressed in terms of it [6] ; the boundaries of a class of domains known as quadrature domains, which themselves have abundant applications in both pure and applied mathematics, can be uniformized in terms of the prime function [7] ; conformal slit maps, also useful in a variety of applications (e.g. in Hele-Shaw flows [1, 8] ) have very simple representations in terms of the prime function [9] . Indeed, the multiply connected generalization of the classical Schwarz-Christoffel formula giving the conformal mapping from canonical circular domains to multiply connected polygonal regions has recently been found and has a concise and convenient form when written using the prime function [10, 11] . No less important, novel numerical schemes for the fast and accurate evaluation of the S-K prime function now exist [12] , meaning that all problems whose solutions are expressible in terms of the S-K prime function can also be evaluated with commensurate ease.
In the late-nineteenth century, Burnside [13] considered aspects of the function-theoretic objects introduced a few years earlier by Schottky and Klein (see [4] ) to show how they can be used to construct meromorphic functions which are invariant under the action of a given Schottky group. Such functions are called automorphic functions. This work is very general, and is not restricted to the particular class of Riemann surfaces given by Schottky doubles of planar domains. In a further note that appeared later, Burnside [14] made additional observations including some remarks on certain subgroups of a given primary Schottky group. It is Burnside's remarks that have formed part of the motivation for this paper. Here, we describe additional, subsidiary functions that can also be naturally defined given a planar multiply connected domain; we call them secondary S-K prime functions to distinguish them from the primary object discussed in the preceding paragraph. These new functions are constructed in a natural way by considering subgroups of the primary Schottky group, not only those mentioned by Burnside [14] but also others.
We were driven to investigate these subgroups by our interest in constructing explicit formulae for conformal mappings for certain slit domains of mixed type that often arise in applications. These domains correspond to the second category in Koebe's classification of canonical slit domains [15] and comprise the following four regions: (i) a disc with radial and circular slits; (ii) an annulus with radial and circular slits; (iii) a plane with radial and circular slits; and (iv) a plane with horizontal and vertical rectilinear slits. In [9] , Crowdy and Marshall showed how the primary S-K prime function can be used to construct simple representations for conformal mappings onto slit regions of non-mixed type (corresponding to Koebe's first category of slit domains). For example, for the case of a disc with slits that are all concentric circular arcs (figure 1a), the corresponding conformal mapping is given by
where ω(ζ , α) is the primary S-K prime function associated with the Schottky group Θ 0 introduced in §2; the definition of this function and its main properties are reviewed in §3. (For the complete set of formulae for the five conformal slit maps of non-mixed type, see [9] .) It is therefore natural to ask whether similar formulae exist for conformal slit maps of mixed type. To tackle this question, we have developed the formalism of the secondary S-K prime functions presented herein. In §4, we introduce the relevant subgroups of the primary group Figure 1 . Two canonical slit domains: (a) a circular disc with concentric circular-arc slits and (b) a disc with both circular and radial slits (mixed type). In (a), the corresponding conformal mapping from a bounded circular domain can be represented in terms of the primary Schottky-Klein prime function, whereas, in (b), the respective mapping is written in terms of the secondary prime functions introduced in this paper.
and in §5, we discuss the associated secondary prime functions. In §6, we show how to use these functions to write down conformal mappings to the four mixed slit domains listed above. For example, the map for a domain consisting of a disc with both circular and radial slits (figure 1b) is stated simply as
where Ω N (ζ , α) denotes the secondary S-K prime function. We also report in §5 a formula for a conformal map onto a half-plane with radial and circular slits (which belongs to Koebe's fifth category of slit domains). These half-plane slit domains are of interest because they can be used to obtain (after a logarithmic transformation) slit strip regions that often appear in potentialtheory problems (e.g. the flow of multiple bubbles in a Hele-Shaw channel [8] ). Hence, it was also thought worth including this case here. While numerical approaches have been developed for the computation of conformal mappings onto such mixed slit domains [16, 17] , explicit formulae for them in terms of recognized special functions do not appear in the existing literature. In the case of an unbounded plane with radial and circular slits, an infinite product representation for the conformal map from an unbounded circular domain was obtained by DeLillo et al. [18] . Extensions of these results to a disc and an annulus with mixed slits were later reported by DeLillo & Kropf [19] . In §6b-d, we obtain related formulae in terms of the secondary prime functions. Our function-theoretic formulation has the advantage that the relevant mathematical objects (the prime functions) are known to exist for any admissible circular domain. Furthermore, it can handle other mixed slit maps, as indicated above.
The formulae constructed in this paper are useful in applications only if the various basic functions involved in them can be evaluated quickly and efficiently. This aspect is addressed in §7 where we construct explicit examples of slit domains and discuss various computational issues, including some open challenges, that arise from our investigations. We conclude the paper by briefly discussing, in §8, other possible applications of the formalism presented herein.
The Schottky group Θ 0
Let D ζ be an (M + 1)-connected circular domain in the complex ζ -plane consisting of the unit disc with M smaller non-overlapping discs excised. We denote the unit circle by C 0 and the M inner circular boundaries by C 1 , . . . , C M . We denote the centre and radius of the circle C j by δ j and q j , respectively. For convenience, we introduce the notation δ 0 = 0 and q 0 = 1 for the unit circle C 0 ; we will also sometimes use the notation C M+1 ≡ C 0 to refer to the unit circle. A schematic of D ζ is shown in figure 2 for the quadruply connected case M = 3. For j = 0, 1, . . . , M, denote by φ j (ζ ) the conjugation map on the circle C j which is defined by
where a bar denotes complex conjugation. We thus define reflection in C j by ϕ j (ζ ), where
Now, introduce the following Möbius maps 4) where the conjugate functionθ is defined byθ (ζ ) = θ(ζ ). One may check from (2.3) and (2.4) that θ j (ζ ) consists of the composition of a reflection in C 0 followed by a reflection in C j , i.e. θ j = ϕ j ϕ 0 , or more explicitly:
In addition, from (2.2) and (2.4), it follows that
One important property of the maps θ j (ζ ) is the following relation
where θ −1 j (ζ ) denotes the inverse of θ j (ζ ). This relation can be derived using geometrical arguments, or it can be verified directly. Figure 3 . The shaded region shows a fundamental region F 0 of the Schottky group Θ 0 with M = 3 and its associated generators {θ 1 , θ 2 , θ 3 }.
For j = 1, . . . , M, let us denote by C −j the reflection of circle C j in the unit circle C 0 , i.e.
One can readily check that C j is the image of C −j under the Möbius map θ j defined above. Indeed,
. In fact, it can be verified that θ j (ζ ), for j = 1, . . . , M, maps the interior of the circle C −j onto the exterior of the circle C j . Conversely, the inverse map θ −1 j (ζ ) maps the exterior of the circle C j onto the interior of the circle C −j . It is thus convenient to introduce the notation
so we can write in general
The set Θ 0 consisting of all compositions of the maps θ k (ζ ), k = −M, . . . , M, is a classical Schottky group [4] . The 2M-connected region,
, exterior to all of the circles {C k |k = −M, . . . , M; k = 0}, is called a fundamental region of the group Θ 0 . The maps {θ j |j = 1, . . . , M} pairing the boundary circles of F 0 are referred to as the fundamental generators of the group Θ 0 . A schematic of F 0 for M = 3 is shown in figure 3 . (For the purpose of clarity, here and in subsequent schematics, the reflected circles are not drawn to scale.) As the generators of the group Θ 0 pair the circles C j , j = 1, . . . , M, with their reflections in another circle (namely C 0 ), this group is said to be symmetric.
The Schottky group Θ 0 and its fundamental region F 0 can be viewed as a model of a symmetric Riemann surface of genus M, known as the Schottky double of D ζ . This consists of two 'halves'-one is given by D ζ itself, and the other may be taken to be its reflection in C 0 , i.e. ϕ 0 (D ζ ). As reflection in C 0 maps the two halves of F 0 onto one another, it corresponds to an anticonformal involution on the double. (Recall that an involution is a function that is equal to its inverse.)
If, instead of considering the fundamental region F 0 defined above, we consider the region F l formed by adding to D ζ its reflection in one of the inner circles
the resulting group remains the same, with the fundamental generators now given by {θ l , θ l θ −j |j = 1, . . . , M, j = l} [14] . The group Θ 0 and the fundamental region F l also represent the Schottky double of D ζ . It is thus evident from (2.11) that reflection in C l also defines an involution on this Riemann surface. 
The (primary) Schottky-Klein prime function
For any Schottky group Θ with fundamental generators {θ j |j = 1, . . . , M} and fundamental region F, one may define the following functions. First, there exist M integrals of the first kind {v j (ζ )|j = 1, . . . , M} [4] . These are analytic everywhere in F, but they are not single-valued there. They satisfy the relations
where we integrate around C j with the interior of F on the right, and are uniquely defined up to additive constants. Furthermore, they possess the following property
for all ζ ∈ F, where τ jk are constants. Next, for any two points ζ and γ in F, we can define the S-K prime function ω(ζ , γ ) as follows [20] . Let X(ζ , γ ) be the unique function defined by the following four properties: (i) X(ζ , γ ) is a single-valued analytic function everywhere in F; (ii) X(ζ , γ ) has second-order zeros at the set of
where
and {τ jj |j = 1, . . . , M} are given by (3.2). The S-K prime function ω(ζ , γ ) is then defined to be the square root of X(ζ , γ ), i.e.
where the branch of the square root is chosen so that
Note that, by definition, the S-K prime function is antisymmetric in its two arguments:
Furthermore, relations (3.3)-(3.5) imply the following functional identity involving the ratio of two S-K prime functions:
for arbitrary ζ 1 , ζ 2 , γ 1 , γ 2 ∈ F, where we define 8) and θ j (ζ ) denotes dθ j (ζ )/dζ . For later use, we also define β 0 (ζ , γ ) ≡ 1. A quantity closely related to the S-K prime function is the so-called prime form [14, 21, 22] defined by
If a compact Riemann surface admits an anticonformal involution ϕ(ζ ), one can show that its prime form satisfies the following relation [21] : involution on this Riemann surface. Using (2.3) and (3.9) in (3.10), one then finds that the S-K prime function associated with Θ 0 has the following symmetry propertȳ
whereω represents the Schwarz conjugate function:ω(ζ , γ ) = ω(ζ ,γ ). Upon using (2.1), this yields
In particular, for j = 0 this becomesω
(This functional relation was derived directly from an infinite product representation of the prime function in [6] .)
Subgroups of Θ 0
We now introduce certain subgroups of the primary Schottky group Θ 0 . These subgroups are also Schottky groups, and prime functions can naturally be associated with them, as discussed in §5.
(a) Burnside's subgroup
The subgroup of Θ 0 considered in this section was briefly discussed by Burnside [14] but, to the best of our knowledge, it has received no further attention. Consider a new circular region formed by adding to the fundamental region F 0 of the group Θ 0 the region obtained by reflecting F 0 in one of the inner circles C l , for some 1 ≤ l ≤ M. Let us denote this new region by F 0l :
The region F 0l defined in (4.1) thus corresponds to the 2(2M − 1)-connected region exterior to the circles C k and C k , for k = −M, . . . , M, k = 0, −l; see figure 4 for a schematic of F 0l for the case M = 3 and l = 1.
One can now check that C k is the image of C −k under the composition θ l θ k , that is,
To see this, note that using the first relation of (2.
, which in view of (2.10) yields (4.3). Furthermore, one may check that θ l θ k in fact maps the interior of C −k onto the exterior of C k . If we introduce the notation
it then follows that the 2M − 1 maps ψ k are the fundamental generators of a new symmetric Schottky group, denoted by Θ M , which is clearly a subgroup of the original group Θ 0 . The region F 0l defined in (4.1) is thus a fundamental region of Θ M . This region is illustrated in figure 4 for the case M = 3 and l = 1, where the fundamental generators are also shown. One can verify that the same group Θ M is generated, irrespective of the choice of the mirroring circle C l . 
which is an element of Θ M . Similarly, any composition of an odd number of the maps θ j , j = 1, . . . , M, and their inverses can be represented by ψ • θ l , for some ψ ∈ Θ M . For example, again for M = 3 and l = 1,
In other words, any element θ of the original group Θ 0 is either an element ψ ∈ Θ M or a composite map of the form ψ • θ l . The group Θ M and the fundamental region F 0l represent a Schottky double. This double is the same for all 1 ≤ l ≤ M. It thus follows from (4.1) that reflection in C l , 1 ≤ l ≤ M, is an involution of this Riemann surface. One may also check that another fundamental region, F l0 , of Θ M can be obtained by starting with the fundamental region F l of the original group Θ 0 (see (2.11) ) and adding to it its reflection in C 0 , i.e.
where the maps {θ 2 l , θ l θ −j , θ −l θ j |j = 1, . . . , M; j = l}) must now be regarded as the fundamental generators of Θ M . The group Θ M and the fundamental region F l0 represent the same Schottky double as that just mentioned for F 0l . It is thus evident from (4.7) that reflection in C 0 is also an involution of this Riemann surface.
(b) Other subgroups
There are other subgroups of Θ 0 that can be defined besides the one considered by Burnside. More specifically, we see below that for a given circular region F 0l of the type considered in §4a one can define (in addition to the group Θ M ) a family of other subgroups Θ N ⊂ Θ 0 , 1 ≤ N ≤ M, which differ from one another only in the way in which the circles bounding F 0l are paired.
First, we recall that, starting with the region F 0l , the subgroup Θ M is defined by pairing all circles outside C l with their respective reflections in C l , whereas in the original group Θ 0 the circles outside C 0 are paired with their reflections in C 0 . It is possible, however, to form new subgroups where these two types of pairings appear simultaneously. To this effect, let us consider the subgroup Θ N where we choose to pair the circles bounding F 0l in such a way that N of the M circles outside C 0 are paired with their reflections in the circle C l (as in the subgroup Θ M ), whereas the remaining M − N circles outside C 0 are paired with their reflections in C 0 (as in the group Θ 0 ). An example of the type of 'mixed' pairings just described is shown in figure 5 for the case M = 3, N = 2 and l = 1. From the preceding discussion, it follows that the following 2M − 1 Möbius maps
are the fundamental generators of the Schottky group, Θ N , which is a subgroup of the original group Θ 0 . It turns out that the same group Θ N is generated by the maps (4.9), irrespective of the choice of the mirroring circle C l , for 1 ≤ l ≤ N. Different choices of C l merely yield different fundamental regions F 0l of the same group. Furthermore, note that, for a given l, the region F 0l defined in (4.1) is a fundamental region of all groups Θ N , for 1 ≤ N ≤ M. As in the case of F 0l and Θ M discussed in §4a, the fundamental region F 0l and the group Θ N (for any N) also represent a Riemann surface (a Schottky double) for which reflection in C l is an involution. Moreover, one can verify that the region F l0 defined in (4.7) is also a fundamental region of the group Θ N , where the new fundamental generators differ from those given in (4.9) only with respect to the first set of maps, which are now given by θ l θ k θ l , for k = −M, . . . , −(N + 1). Thus, reflection in C 0 also represents an involution on the Riemann surface associated with Θ N . It is perhaps worth noting that any element ψ ∈ Θ N entails a composition with only an even number of the maps θ j , j = 1, . . . , N, and their inverses, but that can contain any number (even or odd) of the other maps θ j , i.e. for j = N + 1, . . . , M, and their inverses. This implies (as in §4a) that any element θ of the original group Θ 0 is either an element ψ ∈ Θ N or can be written as ψ • θ l .
Note, in particular, that the case N = M corresponds precisely to Burnside's subgroup considered in detail in §4a. The group Θ N , for N = 1 and M > 1, can also be viewed as a Burnside's symmetrical subgroup, because, in this case, each circle bounding the fundamental region F 10 defined in (4.7) turns out to be paired with its reflection in the unit circle C 0 . To the best of our knowledge, this is the first time that the general family of subgroups Θ N , including the partially symmetric cases 1 < N < M, has been introduced in the literature.
We see in §5 that certain ratios of the S-K prime functions associated with the group Θ N , 1 ≤ N ≤ M, satisfy important functional relations which can be exploited to construct conformal mappings from the circular domain D ζ to various kinds of multiply connected slit domains of mixed type.
Secondary Schottky-Klein prime functions
As the subgroup Θ N defined in §4b is a classical Schottky group, we can define its associated Schottky-Klein prime function. To avoid confusion with the primary S-K prime function ω(ζ , α) introduced in §3 (and associated with the original group Θ 0 ), we shall denote by Ω N (ζ , α) this new secondary S-K prime function. The function Ω N (ζ , α) satisfies several useful relations as described below.
First, we recall that Ω N (ζ , α) has a simple zero at ζ = α and is antisymmetric in its arguments, i.e. Ω N (ζ , α) = −Ω N (α, ζ ). Note furthermore that a relation analogous to (3.7) obviously holds for Ω N (ζ , α):
where ψ k (ζ ) is one of the generators of the group given in (4.9) andβ k (γ , α) is as defined in (3.8), with the only difference that one should use the corresponding integrals of the first kind,ṽ k (ζ ), for the group Θ N . As we have seen above, reflections in the circles C j , j = 0, 1, . . . , M, are involutions of the Riemann surface associated with the group Θ N . It then follows that the secondary prime functions obey a relation similar to (3.12) :
Properties (5.1) and (5.2) allow us to study the behaviour of certain ratios of secondary S-K prime functions on the circles C j . More specifically, it is shown in appendix A that the following relations hold
and
where we recall that C M+1 stands for the unit circle C 0 . Here, the pre-factors A j ,Ã j and B j are constants that depend on α and γ (but not on ζ ); see appendix A for proof of (5.3) and (5.4) with the respective expressions for these constants. We see in §6 that one can take advantage of relations (5.3) and (5.4) to construct conformal mappings to slit domains of mixed types. 
Application to mixed conformal slit maps
The secondary prime functions just discussed in §5 can be used to find convenient representations of conformal mappings from a bounded circular domain to several types of bounded and unbounded regions with a mixture of both radial and concentric circular-arc slits, or of parallel and perpendicular rectilinear slits. As discussed in the Introduction, such mixed conformal slit maps are of some interest in applications, but explicit formulae for them, in terms of special functions, were not known previously.
(a) Half-plane with radial and circular slits
Consider two points ζ 1 and ζ 2 on the unit circle and define the function
We show below that λ(ζ ) maps the circular domain D ζ onto a half-plane with N concentric circular-arc slits (corresponding to the images of the first N inner circles C j , j = 1, . . . , N) and M − N radial slits (the images of the circles C j , j = N + 1, . . . , M), with the unit circle C 0 being mapped to the half-plane boundary axis. First, note that λ(ζ ) has a simple zero at ζ = ζ 1 and a simple pole at ζ = ζ 2 ; hence these two points are mapped to the origin and to the point at infinity, respectively. Next, using the fact that ζ 1 = 1/ζ 1 and ζ 2 = 1/ζ 2 , it immediately follows from the upper relation in (5.3) that
which inserted in (6.1) implies that
Similarly, for points on the circles C j , j = N + 1, . . . , M + 1, we have
from the lower relation in (5.3), whereas from (5.4), one obtains
Upon using these relations in (6.1), one finds that
Equations (6.2) and (6.3) thus imply that λ(ζ ) maps the circles C j , j = 1, . . . , N, onto circulararc slits, whereas mapping the other inner circles C j , j = N + 1, . . . , M, onto radial slits. Here, the unit circle C M+1 is mapped to the axis through the origin whose argument is given by arg[λ(ζ )] = (b) Circular disc with radial and circular slits
Consider now the following map
where α is a point in the interior of D ζ . One may check that η 0 (ζ ) has a simple zero at ζ = α, but no other zero nor any poles in D ζ . Next, using (5.3) and (5.4) in (6.4) one can show that
One then sees from (6.5) and (6.6) that η 0 (ζ ; α) maps the first N circles C j , j = 1, . . . , N, onto radial slits and the circles C j , j = N + 1, . . . , M + 1, onto either circles or sections of circles. One may check that η 0 (ζ ; α), in fact, maps C M+1 onto a complete circle and C j , j = N + 1, . . . , M, onto sections of circles as follows. First, note that in the fundamental region F 0l the function η 0 (ζ ; α) has simple zeros at the point α and at its reflection in C l , ϕ l (α) = θ l (1/ᾱ), whereas it has simple poles at 1/ᾱ and at the corresponding reflection in C l , ϕ l (1/ᾱ) = θ l (α). Now, the circles C j , j = 1, . . . , M, are all boundaries of F 0l , and the interior of each such circle is covered by images of F 0l under maps of Θ N . Given this, one may check that η 0 (ζ ; α) has as many zeros as poles in the interior of C j , j = N + 1, . . . , M, and so its argument must not change on traversing each of these circles, thus implying that these circles map to sections of circles. However, one may also check that η 0 (ζ ; α) has one more zero than pole in the interior of the unit circle C M+1 , and so its argument must increase by 2π on traversing this circle in an anticlockwise direction, from which it follows that C M+1 maps to a complete circle.
Hence, η 0 (ζ ; α) maps the circular domain D ζ onto the interior of a circle (the image of C M+1 ) cut along N radial slits (the images of the circles C j , j = 1, . . . , N) and M − N circular-arc slits (the images of C j , j = N + 1, . . . , M), with the point ζ = α mapping to the origin. In figure 7a , we show an example of the mapping η 0 (ζ ; α) for the case N = M = 3, where all slits in the image plane are radial slits; an example with both radial and circular slits is also shown in figure 7b for the case M = 3 and N = 1. More generally, one can introduce the following function
where N + 1 ≤ p ≤ M + 1, and α lies in the interior of D ζ . As before, one can show that η p (ζ ; α) has a simple zero at ζ = α and that arg[η p (ζ ; α)] is constant along each of the circles C j , j = 1, . . . , N, whereas |η p (ζ ; α)| is constant along each of the circles C j , j = N + 1 . . . , M + 1. Using ideas similar to those outlined above in relation to η 0 (ζ ; α), one can also check that η p (ζ ; α) maps C p onto a complete circle and C j , j = N + 1, . . . , M + 1, j = p, onto sections of circles. To do this, one may use the fact that, in any fundamental region of Θ N , η p (ζ ; α) has two simple zeros and two simple poles. In particular, one may verify that the union of D ζ ∪ ϕ p (D ζ ) and its reflection in C l is a fundamental region of the group. Then, one can show that η p (ζ ; α) has as many zeros as poles in the interior of C j , j = N + 1, . . . , M + 1, j = p, but one more pole than zero in the interior of C p .
Hence, the function η p (ζ ; α) also maps the circular domain D ζ onto a disc with N radial slits and M − N circular-arc slits, with the point ζ = α mapping to the origin. But, in this case, C p maps to the outer circle, whereas C j , j = 1 . . . , N, are mapped to radial slits, and C j , j = N + 1, . . . , M + 1, j = p, are mapped to circular-arc slits.
(c) Annulus with radial and circular slits It follows from the preceding discussion that the function 8) where N + 1 ≤ p ≤ M and α lies in the interior of D ζ , maps D ζ onto a concentric annulus with N radial slits and M − N − 1 circular-arc slits. Here, the unit circle is mapped to the outer circumference of the annulus, and the circle C p maps to the inner circumference. The circles, C j , j = 1 . . . , N, map to radial slits, whereas the circles, C j , j = N + 1, . . . , M, j = p, are mapped to circular slits. An example for M = 3 and N = 1 is shown in figure 8 . (d) Unbounded plane with radial and circular slits
Consider now the following function (e) Unbounded plane with parallel and perpendicular slits
Consider now the function
where η p (ζ ; α) is defined for N + 1 ≤ p ≤ M + 1 by (6.7), and α = x 0 + iy 0 lies in the interior of D ζ . One may check that U(ζ ; α) has a simple pole at ζ = α. Furthermore, using arguments similar to those presented in reference [23] and §7.4 of Crowdy & Marshall [9] , one may deduce from the properties of η p (ζ ; α) described in §6b that U(ζ ; α) maps C j , j = 1, . . . , N, onto horizontal slits and C j , j = N + 1, . . . , M + 1, onto vertical slits, with D ζ mapping onto the unbounded plane exterior to these slits. The point ζ = α maps to the point at infinity. An example of this mapping is shown in figure 9 for the case M = 3 and N = 2. One can also check that the function 
Numerical computation
For use in applications, it is crucial to be able to evaluate the secondary S-K prime functions efficiently and accurately. Here, we briefly discuss the numerical computation of the secondary prime functions necessary to generate the examples shown in figures 6-9. First, it is worth reviewing recent progress on the numerical evaluation of the primary S-K prime function (see also references [1] [2] [3] for additional background). The monograph by Baker [4] cites an infinite product formula only for the evaluation of the (primary) S-K prime function given by
Here, Θ is the set containing precisely one of θ and θ −1 , for all θ ∈ Θ, and not including the identity. For example, for M = 3, if
1 is not. It can be shown that the value of the product in (7.1) does not depend on which of θ and θ −1 we choose to include in Θ .
Even when this product converges (and necessary and sufficient conditions for this are still unknown), it is nevertheless highly inefficient for numerical computation. As the connectivity of the domain of interest increases, the number of terms in any truncation of the product required for a given accuracy can quickly become cumbersome, often rendering it practically useless for computation except for domains of small connectivity where the circles are small and well separated. This matter is explored in detail in reference [12] where an alternative numerical scheme is proposed, one that avoids the infinite product (7.1) completely. Instead, it relies on a representation of the prime function, as well as the associated integrals of the first kind on the Schottky double, in terms of much more rapidly convergent Fourier-Laurent sums. The success of this new method rests heavily on use of the basic symmetry of the Schottky double. In particular, this symmetry implies that the imaginary parts of the integrals of the first kind are constant along the boundaries of D ζ , thereby facilitating their computation; if this symmetry is lacking (as is the Θ N , 1 < N < M, considered here) , it is not clear how to extend the numerical scheme of Crowdy & Marshall [12] . For Burnside's symmetric subgroups, corresponding to N = 1 and N = M, it turns out that we can make use of the numerical scheme of Crowdy & Marshall [12] (and recently developed by Crowdy & Green [24] ) to compute the associated secondary S-K prime function. To do this, we exploit the fact that Θ 1 and Θ M are of essentially the same symmetric form as the group Θ 0 in the following sense. First, consider the case N = 1. As discussed in §4b, the circles bounding the fundamental region F 10 of the group Θ 1 are paired with their reflections in the unit circle C 0 , just as for the original group Θ 0 and the fundamental region F 0 . Hence, the code developed for the primary S-K prime functions [24] can be applied directly to compute the function Ω 1 (ζ , α) . Examples for which we computed the secondary prime functions in this way are shown in figures 6b, 7b and 8.
Let us now consider the case N = M. Consider the circular domain consisting of the half of the fundamental region F 0l of Θ M that is contained in the interior of C l . Recall that Θ M is constructed from this domain by pairing its inner boundaries with their reflections in C l . But, this is precisely the same as the construction of Θ 0 from D ζ described in §2, except that C l has centre δ l and radius q l , whereas C 0 is centred at the origin and of radius 1. We therefore introduce the change of variable ζ → η(ζ ) defined by
which maps the circle C l in the ζ -plane onto the unit circle in the η-plane. We also denote by D η the circular domain in the η-plane which is the image under η(ζ ) of the half of F 0l contained in the interior of C l . Then, we can construct a Schottky group Θ 0 from D η as in §2. This will have an associated prime function ω(η 1 , η 2 ) which can be computed using the procedure developed in references [12, 24] . But, now note that one can, in fact, show that
where Ω M (ζ , α) denotes the prime function associated with Θ M . Thus, once ω(η(ζ ), η(α)) is computed, Ω M (ζ , α) follows from (7.3). Examples for which we computed the secondary prime functions using this method are shown in figures 6a and 7a. For the other subgroups, where 1 < N < M, use of the numerical scheme given in references [12, 24] does not seem possible, because the associated group Θ N is not of the same form (in the sense discussed above) as the original group Θ 0 . We can nevertheless make use of the infinite product (7.1) in the special cases for which it is known to converge (and to which we will restrict attention here). The infinite product (7.1) is known to converge if the group Θ is circle decomposable [25] ; a particular such case is if all the circular boundaries of the associated fundamental region F are centred on the real axis. One may check that this is the case for all the groups Θ j , j = 0, 1, . . . , M, arising from an (M + 1)-connected circular domain D ζ considered in this paper, provided the inner boundary circles of D ζ are centred on the real axis (such groups are in fact of a special type known as Fuchsian groups of the second kind). We point out that (7.1) is also known to hold if, roughly speaking, the boundaries of the associated fundamental region are sufficiently small and well separated [4, 13] . Furthermore, we mention that there exist related formulae for the integrals of the first kind v j (ζ ) and their periods τ jk , which again hold under the same conditions. Using (7.1), with the appropriate group Θ N generated by the maps ψ k given by (4.4), we computed the secondary prime functions Ω N (ζ , α) appearing in formula (6.11) and produced the domain shown in figure 9 . For this example, the inner boundary circles of D ζ are all centred on the real axis. Furthermore, M = 3 and N = 2.
However, if the group Θ is not Fuchsian and the circles bounding the domain D ζ do not satisfy the appropriate separation condition, it is not known whether 
Discussion
The conceptual convenience of having available special functions, with certain defining properties, with which to represent and build more complicated functions is clearly desirable. In this way, one can focus effort on devising numerical schemes for the fast and accurate evaluation of such special functions with a host of subsidiary functions representable in terms of them then immediately calculable with the same speed and accuracy.
The primary S-K prime function on the Schottky double of a planar domain has already been shown in recent years to afford numerous advantages, not to mention key insights, into solving problems in multiply connected domains [1] [2] [3] . We expect the secondary S-K prime functions explored here to have many similar applications. In this paper, we have shown how they can be used to construct explicit formulae for a number of important conformal slit maps pertaining to Koebe's second, fourth and fifth categories of canonical slit regions.
A further possible application is to the construction of the so-called Robin function of potential theory; any such results would add to the compendium of potential theoretic objects already representable in terms of prime functions [5] . Stiemer [26] has recently considered this problem and has shown how to represent the Robin function in terms of certain infinite sums of Green's functions over Schottky groups. It would be interesting to derive an alternative representation in terms of secondary S-K prime functions.
Our work opens up some interesting computational challenges, as mentioned in §7. While the numerical method of Crowdy & Marshall [12] can be used to provide a fast and accurate means to compute both the primary prime function, as well as the secondary prime function associated with Burnside's subgroups, it remains an open question as to how to generalize these numerical schemes to the other secondary prime functions discussed here.
As discussed in detail in chapter 14 of the monograph by Baker [4] , the primary S-K prime function is closely related, within an alternative model of algebraic curves, to a theta function formulation on which Baker's monograph principally focuses. It would be interesting to identify how the secondary prime functions described here manifest themselves within this alternative theta function formulation.
